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Abstract

We establish learning rates up to the order of n~! for support vector machines with hinge
loss (L1-SVMs) and nontrivial distributions. For the stochastic analysis of these algorithms we
use recently developed concepts such as Tsybakov’s noise assumption and local Rademacher
averages. Furthermore we introduce a new geometric noise condition for distributions that is
used to bound the approximation error of Gaussian kernels in terms of their widths.

1 Introduction

In recent years support vector machines (SVMs) have been the subject of many theoretical con-
siderations. Despite this effort, their learning performance on restricted classes of distributions is
still widely unknown. In particular, it is unknown under which circumstances SVMs can guarantee
fast rates with respect to the sample size n for their learning performance. The aim of this work
is to use recently developed concepts like Tsybakov’s noise assumption and local Rademacher av-
erages to establish learning rates up to the order of n~! for nontrivial distributions. In addition
to these concepts which are used to deal with the stochastic part of the analysis we also introduce
a geometric assumption for distributions that allows us to estimate the approximation properties
of Gaussian kernels. Unlike many other concepts introduced for bounding the approximation error
our geometric assumption is not in terms of smoothness but describes the concentration of the
marginal distribution near the decision boundary.

Let us formally introduce the statistical classification problem. To this end assume for technical
reasons that X C R? is a compact subset. We write Y := {—1,1}. Given a finite training set
T = ((z1,91), - (@, yn)) € (X X Y)™ the classification task is to predict the label y of a new
sample (z,y). In the standard batch model it is assumed that the samples (z;, y;) are i.i.d. according
to an unknown (Borel) probability measure P on X x Y. Furthermore, the new sample (x,y) is
drawn from P independently of T. Given a classifier C that assigns to every training set T a
measurable function fr : X — R the prediction of C for y is sign fr(z), where we choose a fixed
definition of sign(0) € {—1,1}. In order to “learn” from the samples of T" the decision function
fr : X — R should guarantee a small probability for the misclassification of the example (z,y).
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Here, misclassification means sign fr(z) # y. To make this precise the risk of a measurable function
f X — R is defined by

Rp(f) == P({(z,y) :sign f(z) # y}) .
The smallest achievable risk Rp := inf{Rp(f) | f:X — R measurable} is called the Bayes risk of
P. A function attaining this risk is called a Bayes decision function. Obviously, a good classifier
should produce decision functions whose risks are close to the Bayes risk with high probability.
This leads to the definition: a classifier is called universally consistent if

Rp(fr) — Rp (1)

in probability for all Borel probability measures P on X x Y. Since Rp(fr) is bounded between
Rp and 1 the convergence in (1) holds if and only if

Er~prRp(fr) —Rp — 0. (2)

The next naturally arising question is whether there are classifiers which guarantee a specific con-
vergence rate in (2) for all distributions. Unfortunately, this is impossible by a result of Devroye (see
[14, Thm. 7.2]). However, if one restricts considerations to certain smaller classes of distributions
such rates exist for various classifiers, e.g.:

e Assuming that the conditional probability n(z) := P(y = 1|x) satisfies certain smoothness as-
sumptions Yang showed in [40] that some plug-in rules achieve rates of the form n~™® for some
0 < a < 1/2 depending on the assumed smoothness. He also showed that these rates are optimal
in the sense that no classifier can obtain faster rates under the proposed smoothness assumptions.

e Recently, for SVMs with hinge loss (L1-SVMs) Wu and Zhou [39] established rates under the
assumption that 7 is contained in a Sobolev space. In particular, they obtained rates of the form
(logn)~P for some p > 0 if the L1-SVM uses a Gaussian kernel with fized width.

oIt is well known (see [14, Sec. 18.1]) that using structural risk minimization over a sequence
of hypothesis classes with finite VC-dimension every distribution which has a Bayes decision
function in one of the hypothesis classes can be learned with rate n=1/2.

e Let P be a distribution with no noise regarding the labeling, i.e. P satisfies Rp = 0, and F be a
class with finite VC-dimension. If F contains a Bayes decision function then the learning rate of
the ERM classifier over F is, up to a logarithmic factor, of the form n=! (see e.g. [14, Sec. 12.7]).

Considering the ERM classifier and hypothesis classes F containing a Bayes decision function there

is a large gap in the rates for noise-free and noisy distributions. Remarkably, Tsybakov recently

closed this gap in [37] by showing that certain ERM-type classifiers learn with rates of the form
1

__gqt+1 . . .
n atpat2 where 0 < ¢ < oo is a parameter describing how well the noise in the labels, i.e. the

function

, 3)

is distributed around the critical level 1/2 (see Definition 2.2 in the following section) and 0 < p < 1
measures the complexity of the function class F the ERM method minimizes over. Furthermore,
Tsybakov showed that for specific types of distributions, the above rates are actually optimal in
a min-max sense. Unfortunately, the ERM-classifier he considered requires substantial knowledge
on how to approximate the desired Bayes decision functions by F. Moreover, ERM classifiers are
based on combinatorial optimization problems and hence they are usually hard to implement and
in general there exist no efficient algorithms.

On the one hand SVMs do not share the implementation issues of ERM since they are based on
a convex optimization (see e.g. [12, 28] for algorithmic aspects). On the other hand, however, their

z— min{l — n(z),n(z)} = % — ‘77(3;) — %



known learning rates are rather unsatisfactory since either the assumptions on the distributions
are too restrictive as in [30] or the established learning rates are too slow as in [39]. Our aim is
to give SVMs a better theoretical foundation by establishing fast learning rates for a wide class
of distributions. To this end we propose a geometric noise assumption (see Definition 2.3) which
describes the concentration of the measure |2 — 1|d Px—where Py is the marginal distribution of
P with respect to X—mnear the decision boundary by a parameter o € (0,00]. This assumption
is then used to determine the approximation properties of Gaussian kernels which are used in the
SVMs we consider. Provided that the tuning parameters are optimally chosen our main result then
shows that the resulting learning rates for these classifiers are essentially of the form

—__a
n 2o+l

if a < %, and
__ 2a(g+1)
n  2a(a+2)+3q+4
if a > %}2. In particular, we obtain learning rates faster than n~1/2 whenever a > 3%—“.

The rest of this work is organized as follows: In Section 2 introduce all important concepts of
this work and then present our main results. In Section 3 we recall some basic theory on reproducing
kernel Hilbert spaces and prove a new covering number bound for Gaussian kernels that describes a
trade-off between the kernel widths and the considered radii of the covering balls. We then show in
Section 4 all results that are related to our proposed geometric noise assumption. The last sections
of the work contain the actual proof of our rates: In Section 5 we establish a general bound for
ERM-type classifiers involving local Rademacher averages which is used to bound the estimation
error in our analysis of SVMs. In order to apply this result we need “variance bounds” for L1-SVMs
which are established in Section 6. Interestingly, it turns out that sharp versions of these bounds
depend on both Tsybakov’s noise assumption and the approximation properties of the used kernel.

Finally, we prove our learning rates in Section 7.

2 Definitions and Main Results

In this section we first recall some basic notions related to support vector machines which are
needed throughout this text. In Subsection 2.2, we then present a covering number bound for
Gaussian RBF kernels which will play an important role in our analysis of the estimation error of
L1-SVMs. In Subsection 2.3 we recall Tsybakov’s noise assumption which will allow us to establish
learning rates faster than n=/2. Then, in Subsection 2.4, we introduce a new assumption which
is used to estimate the approximation error for L1-SVMs with Gaussian RBF kernels. Finally, we
present and discuss our learning rates in Subsection 2.5.

2.1 RKHSs, SVMs and basic definitions

For two functions f and g we use the notation f(A) < g(\) to mean that there exists a constant
C > 0 such that f(A) < Cg(\) over some specified range of values of \. We also use the notation >
with similar meaning and the notation ~ when both < and > hold. In particular we use the same
notation for sequences.

Recall (see e.g. [1, 6]) that every positive definite kernel k£ : X x X — R over a non-empty set
X has a unique reproducing kernel Hilbert space H (RKHS) whose unit ball we denote by Bp.
Although we sometimes use generic kernels and RKHSs we are mainly interested in Gaussian RBF
kernels which are the most widely used kernels in practice. Recall that these kernels are of the form

ko (@, 2') = exp(—o2[lz — 2'[}3), 7,7 € X,



where X C R? is a (compact) subset and o > 0 is a free parameter whose inverse 1/0 is called the
width of k,. We usually denote the corresponding RKHSs which are thoroughly described in [34]
by H,(X) or simply H,.

Let us now recall the definition of SVMs. To this end let P be a distribution on X x Y and
[:Y xR — [0,00) be the hinge loss function, i.e.

l(y,t) := max{0,1 — yt}
for all y € Y and ¢t € R. Furthermore, we define the [-risk of a measurable function f : X — R by

Rl,P(f) = E(x,y)NPl(y7 f(CC)) :

Now let H be a RKHS over X consisting of measurable functions. For A > 0 we denote a solution
of
in (A f]% + R 0) 4
arg?ﬂ%( £ + Rep(f +0) (4)
€

by (fpx,bpy). Recall that fp is uniquely determined (see e.g. [32]) while in some situations this is
not true for the offset Bp, A In general we thus assume that b p,\ is an arbitrary solution. However,
for the (trivial) distributions that satisfy P({y*}|z) = 1 Px-a.s. for some y* € Y we explicitly set
BP, » ;= y* in order to control the size of the offset. Furthermore, if P is an empirical distribution
with respect to a training set 7' = ((x1,y1),- .., (Zn,Yn)) we write R;r(f) and (fT)\, ET,)\), ie.

. 1 &

: 2

(Franbra) € argmin (AI£I + > max{0,1 - i f(e:) + b}).
beR =

Note that in this case the above condition under which we set l;T7 » ;= y* means that all labels y;
of T are equal to y*. An algorithm that constructs (fr,x,br ) for every training set T is called
L1-SVM with offset. Furthermore, for A > 0 we denote the unique solution of

argmin (A|/[% +Rep(f)) (5)

by fpx and for empirical distributions based on a training set 7" we again write fr ). A corre-
sponding algorithm is called L1-SVM without offset. Recall that under some assumptions on the
used RKHS and the choice of the regularization parameter A it can be shown that both L1-SVM
variants are universally consistent (see [31, 41, 33]), however no satisfying result on convergence
rates has been established, yet.

We also emphasize that in many theoretical papers only L1-SVMs without offset are considered.
The reason for this is that the offset often causes serious technical problems and in some cases such
as stability analysis the results are even false for L1-SVMs with offset (for an analysis on partially
stable learning algorithms including L1-SVMs with offset which resolves many of these problems
we refer to [16]). However, in practice usually L1-SVMs with offset are used and therefore we feel
that these algorithms should be considered in theory, too. As we will see, our techniques can be
applied for both variants. The resulting rates coincide.

2.2 Covering numbers for Gaussian RKHSs

In order to bound the estimation error of L1-SVMs we need a complexity measure for the used
RKHSs which is introduced in this section. To this end let us first recall some notations: For a



subset A C E of a Banach space F the covering numbers are defined by

N(Ae, E) = min{nz 1:3zq,...,2, € E with AC U(azi+€BE)} e>0,
i=1

where B denotes the closed unit ball of E. Moreover, for a bounded linear operator S : £ — F
between two Banach spaces E and F', the covering numbers are N'(S,¢) :== N (SBg, ¢, F).

Furthermore, given a training set 7' = ((x1,y1),---, (ZTn,yn)) € (X X Y)™ we denote the space
of all equivalence classes of functions f: X x Y — R with norm

2

I fll Loy = (711 ZU(%’,Z/@)‘Q) (6)
=1

by La(T'). In other words, Lo(T") is a La-space with respect to the empirical measure of T'. Note, that
for a function f : X x Y — R a canonical representant in Ly(7) is its restriction fip. Furthermore,
we write Lo(Tx) for the space of all (equivalence classes of) square integrable functions with respect
to the empirical measure of x1,...,Z,.

The proof of our learning rates uses the behaviour of log N'(Bp, (x), ¢, L2(Tx)) in € and o in
order to bound the estimation error. Unfortunately, all known results on covering numbers for
Gaussian RBF kernels emphasize the role of € and hence we will establish in Section 3 the following
result, of its own interest, which describes a trade-off between the influence of € and o.

Theorem 2.1 Let o > 1, X C R? be a compact subset with non-empty interior, and H,(X) be the
RKHS of the Gaussian RBF kernel k, on X. Then for all 0 < p < 2 and all § > 0, there exists a
constant ¢, 54 > 0 independent of o such that for all € > 0 we have

sup log/\/'(BHU(X),s,LQ(TX)) < cp,gjda(l_g)(lw)ds_p.
Te(XxY)n™

2.3 Tsybakov’s noise assumption

Without making assumption on the noise (3) it is impossible to obtain rates faster n=/2. In this
section we hence recall Tsybakov’s noise assumption which was used in [37] to establish rates up
to the order of n~! for certain ERM-type classifiers. It turns out in this work that this assumption
also allows such fast rates for L1-SVMs.

In order to motivate Tsybakov’s assumption let us first observe that by Equation (3) the function
|27 — 1] can be used to describe the noise in the labels of a distribution P. Indeed, in regions where
this function is close to 1 there is only a small amount of noise, whereas function values close
to 0 only occur in regions with a high noise. The following modified version of Tsybakov’s noise
condition describes the size of the latter regions in terms of Lorentz spaces L, (see e.g. [5] for
these spaces).

Definition 2.2 Let 0 < ¢ < 0o and P be a probability measure on X x Y. We say that P has
Tsybakov noise exponent q if (2n — 1)~ € Ly oo(Px), i.e. there exists a constant C' > 0 such that

Px({ze X :|2n(z) — 1] <t}) < C-t9 (7)

for all sufficiently small ¢ > 0.



It is easy to see that a distribution that has Tsybakov noise exponent ¢ also has Tsybakov noise
exponent ¢ for all ¢ < gq. Furthermore, all distributions obviously have at least noise exponent 0. In
the other extreme case ¢ = oo the conditional probability 7 is bounded away from % In particular
this means that noise-free distributions have exponent ¢ = co. Furthermore, for ¢ < co the above
condition is satisfied if and only if (7) holds for all ¢ > 0 and a possibly different constant C'.

Finally note, that Tsybakov’s original noise condition assumed Px(f # fp) < ¢(Rp(f) — Rp)%q
for all f : X — Y which is satisfied if e.g. (7) holds (see [37, Prop. 1]). As already mentioned
in the introduction this condition and hence Tsybakov’s noise exponent enables us to obtain fast
classification rates for certain ERM algorithms (see [19, 37]). Furthermore, it can be used to
improve inequalities between the excess classification risk and other excess risks (see [4]).

2.4 A new geometric assumption for distributions

In this section we introduce a condition for distributions that will us allow to estimate the approx-
imation error for Gaussian RBF kernels. To this end let [ be the hinge loss function and P be a
distribution on X. Let

Rip:= inf{RLp(f) |f: X —>R measurable}

denote the smallest possible I-risk of P. Since functions achieving the minimal /-risk occur in many
situations we denote them by f; p if no confusion regarding the non-uniqueness of this symbol
can be expected. Furthermore, recall that f; p has a shape similar to the Bayes decision function
sign fp (see e.g. [32]). Now, given a RKHS H over X we define the approzimation error function
with respect to H and P by

a(¥) = inf (M1 +Rep(f) = Rip) A>0. (8)

Note that the obvious analogue of the approximation error function with offset is not greater than
the above approximation error function without offset and hence we restrict our attention to the
latter for simplicity.

For A > 0, the solution fp of (5) obviously satisfies a(A) = A|| feall% + Rip(fpa) — Rip and
hence a()\) describes how well A||fpal|% + Rip(fp) approximates R; p. Recall that it was shown
in [33] that if X is a compact metric space and H is dense in the space of continuous functions
C(X) then for all P we have a(A\) — 0 if A\ — 0. However, in non-trivial situations no rate of
convergence which uniformly holds for all distributions P is possible. Since H,(X) is always dense
in C(X) for compact X C R? these statements are in particular true for the approximation error
functions a,(.) of Gaussian RBF kernels with fixed width 1/0. However, we are not aware of any
weak condition on 7 or P that ensures a,(\) < A\ for A\ — 0 and some 3 > 0, and the results of
[29] indicate that such behaviour of a,(.) may actually require very restrictive conditions.

In the following we will therefore present a condition on distributions P that allows us to
estimate a,(A) by A and o. In particular it will turn out that a,(\) — 0 with a polynomial
rate in A\ if we relate ¢ to A in a certain manner. In order to introduce this assumption on P
we define the classes of P by X_1 := {z € X : n(z) < 3}, X1 := {z € X : n(z) > 3}, and
Xo={zx € X :n(x) = %} for some choice of 7. Note, that a Tsybakov noise exponent ¢ > 0
implies Px(Xo) = 0. Now we define a distance function = — 7, by

d(.T,XoUXl), ifxe X_q,
Te = (d(z,XoUX_1), ifze X, 9)

0, otherwise,



where d(z, A) denotes the distance of x to a set A with respect to the Euclidean norm. Roughly
speaking 7, measures the distance of x to the “decision boundary”. With the help of this function
we can now define the following geometric condition for distributions.

Definition 2.3 Let X C R? be compact and P be a probability measure on X x Y. We say that
P has geometric noise exponent o > 0 if there exists a constant C' > 0 such that

/]2n(m)—1|exp(—?)PX(da:) < oY (10)
X

holds for all ¢ > 0. We say that P has geometric noise exponent v = oo if it has geometric noise
exponent o for all o/ > 0.

Note, that in the above definition we make neither any kind of smoothness assumption nor do
we assume a condition on Py in terms of absolute continuity with respect to the Lebesgue measure.
Instead, the integral condition (10) describes the concentration of the measure |2n — 1|dPx near
the decision boundary. The less the measure is concentrated in this region the larger the geometric
noise exponent can be chosen. The following examples illustrate this.

Example 2.4 Since exp(—t) < C,t~® holds for all ¢ > 0 and a constant C,, > 0 only depending on @ > 0
we easily see that (10) is satisfied whenever

(x> 7, ') € Laa(]2n — 1|dPyx) . (11)

Now, let us suppose Xy = 0 for a moment. In this case 7, measures the distance to the class = does not
belong to. In particular, we have (x — 7';1) € LOO(|27] — 1|dPX) if and only if the two classes X_; and X3
have strictly positive distance. If (11) holds for some 0 < a < oo then the two classes may “touch”, i.e. the
decision boundary dX_; N 0X; is nonempty. Using this interpretation we easily can construct distributions
which have geometric noise exponent co and touching classes. In general for these distributions there is no
Bayes classifier in H,(X) for any ¢ > 0. Note, that from (11) it is obvious that the parameter « in (11)
describes the concentration of the measure |21 — 1|dPx near the decision boundary. For the distributions
described above |2n — 1|dPx must have a very low concentration near the decision boundary.

We now describe a regularity condition on 7 near the decision boundary that can be used to
guarantee a geometric noise exponent.

Definition 2.5 Let X C R? P be a distribution on X x Y, and v > 0. We say that P has an
envelope of order v if there is a constant ¢, > 0 such that for Px-almost all z € X the regular
conditional probability n(z) := P(y = 1|x) satisfies

2n(z) = 1| < ey7y (12)

Obviously, if P has an envelope of order 7 then the graph of x — 2n(z) — 1 lies in a multiple of
the envelope defined by 7 at the top —7, at the bottom and hence 1 can be very irregular away
from the decision boundary but cannot be discontinuous when crossing it. The rate of convergence
of n(xz) — 1/2 for 7, — 0 is described by 7.

Interestingly, for distributions having both an envelope of order v and and a Tsybakov noise
exponent ¢ we can bound the geometric noise exponent as the following theorem, which is proved
in Section 4, shows.

Theorem 2.6 Let X C R¢ be compact and P be a distribution on X x Y that has an envelope of

order v > 0 and a Tsybakov noise exponent ¢ > 0. Then P has geometric noise exponent %17 if

q > 1, and geometric noise exponent a for all o < %llv otherwise.



Now the main result of this subsection which is proved in Section 4 shows that for distributions
having a nontrivial geometric noise exponent we can bound the approximation error function for
Gaussian RBF kernels.

Theorem 2.7 Let 0 > 0, X be the closed unit ball of the Euclidean space R?, and a,(.) be the
approzimation error function with respect to Hy(X). Furthermore, let P be a distribution on X XY
that has geometric noise exponent 0 < a < oo with constant C in (10). Then there is a constant
cq > 0 depending only on the dimension d such that for all A > 0 we have

a,(\) < cd(odA+C’(4d)a7da_ad). (13)

In order to let the right side of (13) converge to zero it is necessary to assume both A\ — 0
and 0 — co. An easy consideration shows that the fastest convergence rate is achieved if o(\) :=

1 o
A @¥Dd_ In this case we have a,(y)(A) < Ae+1. In particular we can obtain rates up to linear
order in A for sufficiently benign distributions. The price for this good approximation property is,
however, an increasing complexity of the hypothesis class B H,(,) as We have seen in Theorem 2.1.

2.5 Learning rates for L1-SVMs using Gaussian RBF kernels

With the help of the geometric noise assumption we can now formulate our main result for L1-SVMs
using Gaussian RBF kernels.

Theorem 2.8 Let X be the closed unit ball of R%, and P be a distribution on X xY with Tsybakov

noise exponent q € [0,00] and geometric noise exponent o € (0,00). We define
+1
n_ 20:1-!-1 Zfa S L;;2
A = _ 2(a+1)(g+1)
n 20@+2)+3¢+4  otherwise,

I
and oy == Ay “TV* in both cases. Then for all € > 0 there exists a C' > 0 such that for all z > 1

and n > 1 the L1-SVM without offset using the Gaussian RBF kernel k,, satisfies
pr* (T € (X xY)": Rp(fra,) < Rp + C:cgn*ﬁ“) > 1@

if < (q+ 2)/2q. Here Pr* denotes the outer probability measure of P™ in order to avoid measur-
ability considerations. Analogously, in the case o > % we have

2a(g+1)

Pr* <T € (X xY)": Rp(fra,) < Rp+Ca’n” 20‘(Q+2)+3q+4+5> > 1l—e”.

If o = oo the latter concentration inequality holds if o, = o is a constant with ¢ > 2v/d. Further-
more, all results hold for the L1-SVM with offset if ¢ > 0.

Remark 2.9 The rates in the above theorem are faster than the “parametric” rate n~/2 if and only if
o> 3‘12—'54. In particular, for ¢ = oo this condition becomes a > % and in a “typical intermediate” case ¢ =1

(cf. [37]) it becomes o > I.

Remark 2.10 It is important to note that our techniques can also be used to establish rates for other
definitions of the sequences (A, ) and (0,,). In fact, Theorem 2.7 guarantees a,, (\,) — 0 (which is necessary
for our techniques to produce any rate) if o, — oo and Ug)\n — 0. In particular, if A\, :=n~"* and o, :=n”"
for some ¢,k > 0 with kd < ¢ these conditions are satisfied and a conceptually easy but technically involved
modification of our proof can produce rates for certain ranges of ¢ (and thus ). In order to keep the
presentation as short as possible we omitted the details and focused on the best possible rates.



Remark 2.11 Unfortunately, the choice of A, and o, that yield the optimal rates within our techniques,
require to know the values of a and ¢ which are typically not available. We have not investigated how to
adaptively choose A, and g, yet, but this important question will be attacked in future research.

Remark 2.12 Another interesting but open question is whether the obtained rates are optimal for the class
of considered distributions. In order to approach this question let us consider the case o = 0o, which roughly
speaking describes the case of almost no approximation error. In this case our rates are essentially of the
form n#+® which coincide with the rates Tsybakov (see [37]) achieved for certain ERM classifiers based on
hypothesis classes of small complexity. The latter rates in turn cannot be improved in a min-max sense for
certain classes of distributions as it was also shown in [37]. This discussion indicates that the techniques
used for the stochastic part of our analysis may be strong enough to produce optimal results. However, if we
consider the case a < oo then the approximation error function described in Theorem 2.7 and its influence
on the estimation error (see our proofs, in particular Section 5 and Section 7) have a significant impact on
the obtained rates. Since the sharpness of Theorem 2.7 is unclear to us we make no conjecture regarding the
optimality of our rates in the general case.

Acknowledgment. We thank V. Koltchinskii and O. Bousquet for suggesting the local Rade-
macher averages as a way to obtain good performance bounds for SVMs and D. Hush for suggesting
that “we are now in a position to obtain rates to Bayes”.

3 Proof of Theorem 2.1

The main goal of this section is to prove Theorem 2.1 in Subsection 3.2. To this end we provide
some RKHS theory which is used throughout this work in Subsection 3.1.

3.1 Some basic RKHS theory

For the proofs of this section we have to recall some basic facts from the theory of RKHSs. To this
end let X C R be a compact subset and k : X x X — R be a continuous and positive semi-definite
kernel with RKHS H. Then H consists of continuous functions on X and for f € H we have

[ flloo < KIlf[l e
where
K := sup \k(z,z). (14)
zeX

Consequently if we denote the embedding of the RKHS H into the space of continuous functions
C(X) by
Jg: H — C(X) (15)

we have ||Jy|| < K. Furthermore, let us recall the representation of H based on Mercer’s theorem
(see [13]). To this end let Kx : La(X) — La(X) be the integral operator that is defined by

Kxf(x):= /X k(z,2')f(z')dx", felyX),reX, (16)

where Lo(X) denotes the La-space on X with respect to the Lebesgue measure. Then it was shown

1
in [13] that the unique square root K3 of Kx is an isometric isomorphism between Lo(X) and H,
and hence we have

1 1
H = K3 L2(X) and KXl = I Lacx), f e La(X).



3.2 Proof of Theorem 2.1

In order to prove Theorem 2.1 we need the following result which bounds the covering numbers of
H,(X) with respect to C'(X).

Theorem 3.1 Let 0 > 1,0 < p < 2 and X C R? be a compact subset with non-empty interior.
Then there is a constant c, 4 > 0 independent of o such that for all e > 0 we have

log./\/'(BHU(X), €, C'(X)) < vada(l—g)de—p_

Proof: Let B, be the closed unit ball of the Euclidean space R% and éd be its interior. Then
there exists an r > 1 such that X C rBy. Now, it was recently shown in [34] that both restrictions

H,(rBy) — H,(X) and H,(rBg) — Ha(éd) are isometric isomorphisms. Consequently, in the
following we assume without loss of generality that X = By or X = Bod and do not concern
ourselves with the distinction of both cases.

Now let us write H, := H,(X) and J, := Jg, : H, — C(X) in order to simplify notations.
Furthermore, let K, : La(X) — La(X) be the integral operator of k, defined as in (16), and || - ||
denote the norm in Ls(X). According to [13, Thm. 3, p. 27], for any f € H,, we obtain

it f-hl < || = L3
in - — | Ko = —= ,
165 hlI<R TR R

where we use the convention ||K;'h|| = oo if h & K,L2(X). Suppose now that H C Lo(X)
is a dense Hilbert space with ||h|| < ||h||%, and that we have K, : Lao(X) — H C Lo(X) with
| Ky : Lo(X) — H|| < cox < 00 for some constant ¢, > 0. It follows that

1
inf J—=h] < inf f=n| < =|f 2
”h”HSCa,HRH I IIKgthSR” | RH 7,

and hence

| -
inf _hl < 2R .
R N~ ] 3

By [29, Thm. 3.1] it follows that f is in the real interpolation space (LQ(X),H)%7OO (see [7] for the

definition of interpolation spaces) and that its norm in this space satisfies

1711 00 < 2v/Col| ], -

Therefore we obtain a continuous embedding

Ty: H, — (Lo(X),H)

1
2/

with || T1]| < 2,/¢5x. If in addition a subset inclusion (L2(X), H) C C(X) exists which defines

a continuous embedding

Yo: (La(X),H)1  — C(X)

2,

we have a factorization J, = Y9Y; and can conclude

logN(BHU(X)ve')C(X)) - logN(']Cﬂe) < 10gN<T272 %Z H> (17)

10



Consequently to bound logN (J»,€) we need to select an H, compute ¢, 3¢, and bound log N (T3, €).
To that end let H := Wm( ) be the Sobolev space with norm

1715 = > 1D I,

laf<m

where |a| == 3% oy, D* =[], 8%, and 9% denotes the a;-th partial derivative in the i-th

=1 >

coordinate of R?. By the Cauchy-Schwartz inequality we have

/(/ | D%k, xx\da:/ﬂ )i ) da
|f|2/ / D2 ko, )| dide, (18)

where the notation DY indicates that the differentiation takes place in the x variable. To address
the term D%k, (x, ) we note that

ID* Ko f]* =

IN

2
o /,Dﬁka<m,¢)f(¢)d¢) dx
X'JX

IN

D2(e ) = (—1)leF ho(a),

where the multivariate Hermite functions hy(x) = Hf-l:l ha,;(z;) are products of the univariate.
Since [ hi(z)dz = 27k!\/7 (see e.g. [11]) we obtain

J.

where we used the definition a! := H?:l a;!. Applying the translation invariance of k, we obtain

/ ‘Dg‘kg(:c,aﬁ)‘Qda’c:/ \ngg(o,i)}zdaé:/
R4 Rd R4

and by a change of variables we can apply inequality (19) to the integral on the right side

2
di = o?lo1=4
R4 R4
d
2

Hence we obtain
// |DS ko (, 4)|?dddz < 0(d)o?1*I =92l alrs
xXJXx

D (e 1)

2 2 d
dx = / e 1P h2 (2)dx < / h2 (z)dx = 2*lalr? (19)
R4 R4

D2 (e[ 4z

20412 2012 . d
DG (e~ 11 DG (eIl )‘ di < g?lel=dglelg1rs

where §(d) is the volume of X. Since },<,, a! < d™m!? and || K, f|?, = 2 lal<m | DYK, f|? we
can therefore infer from (18) that for o > 1 we have

Kol < Vo) (2d)EmlZo™ 5 = copq. (20)
Now let us consider Yo : (La(X), Wm(j)())%oo — C(X). According to Triebel [36, p. 267] we have
(L2(X), W™ (X)) 5 o, = (La(X), W), = B ()
isomorphically. Furthermore
log/\/’(Bfoo()O() — C(X), e) < Cm.d e (21)

11



for m > d follows from a similar result of Birman and Solomyak’s ([8], cf. also [36]) for Slobodeckij
(i.e. fractional Sobolev) spaces, where the constant ¢, 4 depends only on m and d. Consequently
we obtain from (17), (20) and (21) that

2d

m d _2d d2 2d

IOgN(Jg-,e) = Cm,d (4@0’7{)%6_%’1 = Em7d0-d 2m € m

€
< -
= Cnu1<2 z%ﬂ{)
for all m > d and new constants é,, 4 only depending on m and d. Setting m := 2d/p finishes the
proof of Theorem 3.1. [ ]

Proof of Theorem 2.1: As in the previous proof we write H, := H,(X) and J, := Jy, : Hy —
C(X) in order to simplify notations. Furthermore recall that for a training set 7' € (X x Y)™ the
space Lo(Tx) was introduced in Subsection 2.2. Now let Ry, : C(X) — Lo(Tx) be the restriction
map defined by f + fir,. Obviously, we have ||Rry | < 1. Furthermore we define I, := Ry o J,
so that I, : H, — Lo(Tx) is the evaluation map. Then Theorem 3.1 and the product rule for
covering numbers imply that

sup logN(I5,e) < ¢qa o= Ddg—a (22)

Tezn
for all 0 < ¢ < 2. To complete the proof of Theorem 2.1 we derive another bound on the covering
numbers and interpolate the two. To that end observe that I, : H, — Lo(Tx) factors through
C(X) with both factors Js; and Ry, having norm not greater than 1. Hence Proposition 17.3.7
in [23] implies that I, is absolutely 2-summing with 2-summing norm not greater than 1. By
Konig’s theorem ([24, Lem. 2.7.2]) we obtain for the approximation numbers (ax(I,)) of I, that
Y ps102(Iy) < 1 for all o > 0. Since the approximation numbers are decreasing it follows that
supy, k%ak(Ia) < 1. Using Carl’s inequality between approximation and entropy numbers (see
Theorem 3.1.1 in [10]) we thus find a constant ¢ > 0 such that

sup log N (I,,e) < é 2 (23)
Tezn

for all e > 0 and all 0 > 0. Let us now interpolate the bound (23) with the bound (22). Since
I, : Hy — La(Tx)|| < 1 we only need to consider 0 <e < 1. Let 0 < g<p<2and 0 <a <1.
Then for 0 < € < a we have

log N (I,,¢e) < cq,do(l_%)de_q < cqyda(l_%)dap_qe_p,

and for a < e <1 we find
log N (Iy,e) < ée 2 < éaP%e7P.

. _4-q 4 .
Since o > 1 we can set a := o 34 and obtain

8—-2
log N (I,,e) < Eq7da(1_§)'8—4g'd6_p,

where ¢, 4 is a constant depending only on ¢,d. The proof is finished by choosing ¢ := 117626 when
o< 83—’4’117 and ¢ just smaller than p otherwise. [ |

4 Proof of the Theorems 2.7 and 2.6

In this section we prove the Theorems 2.7 and 2.6 which both deal with the geometric noise
exponent.

12



4.1 Proof of Theorem 2.7

Before we prove Theorem 2.7 we briefly explain the main idea of this proof. To this end let fp be
a Bayes decision function with values in {—1,1} and Kq, be a normalized variant (see definition
below (25)) of the integral operator associated to ky on  C RY. Then smoothing fp by IA(Q7O— gives
a function IA(Q’O— fp € Hy(2) whose RKHS norm will be computed in Lemma 4.1. Furthermore, we
will obtain —1 < Kﬂﬂ- fp <1 and hence the equation

Rip(f) — Rip =Epy (120 —1[|f = fr]), [ X —[-1,1], (24)

shown by Zhang [41] can be used to estimate the excess [-risk RZ’P(KQ’UJCP) — Ry p of Kﬂpfp.
Finally, we use the geometric noise exponent to bound |Kq o fp(z) — fp(z)|.

Let us now introduce some notations for the proof of Theorem 2.7. To this end let us first denote
the Euclidean norm on R? by | -| in order to avoid confusions with other arising norms. Since it
will be useful to consider the integral operators and their associated RKHSs on more general sets
than the closed unit ball, let @ C R? be measurable and let Kq, : La(2) — La(Q2) denote the
integral operator associated to the restriction of k, to €. Furthermore let iq : La(Q) — Lo(RY)
denote the extension of a function on Q by zero to the rest of R? and rg : Ly(R%) — Lo(Q) denote
the restriction of a function on R? to the set Q. Obviously we have ||ig| =1, ||rq| < 1 and

Ko, =roKga ,iq. (25)

It will also be useful to consider the normalized Gaussian kernel

2

d —o?|z—a'|

kg (z,2') = adwfgkg(x,x’) = olr e

Recall that its associated integral operator KRdﬂ. is known as the Gauss-WeterstrafS integral oper-

ator. Finally, we define R’QJ analogously to Ko, and hence in particular we obtain an equation
analogous to (25).
Let us first compute the RKHS norm of functions mapped from Lo(€2) to H,(2) by Kq .

Lemma 4.1 For g € Ly(Q) we have Kq ,g9 € H,(Q) and

d _d
2 4

109l @) < o021 1lglLao) -

Proof: Since
d
2

N ~ 1 1 d 1 1
— 2 2 —_ -7 2 2
Ko o,9 = KQ’O—KQp—g =o2m 4K KQ,UQ

1
and K3 _g € L2(2) we observe from the discussion on RKHS in Subsection 3.1 that the first
assertion is proved. Using the shorthand notation || - ||, for || - ||z, (q), we also obtain

A =

) 4 _d o1 21
|Kooglls = 027 5(|KE ,KS 9
4 _d, a3
= o027 4||KQ70-9HL2(Q)
d _d 1
< o2m 4||KQ7J||”9”L2(Q)'

The continuous functional calculus theorem for self adjoint operators (see e.g. [25]) implies that

L1 . .
| Kg |l = ||KQO—||% Therefore to finish the proof we only need to show that Kq, is a contraction
on La(£2). To that end, recall that Young’s inequality [26] states that for convolutions we have

1f * gl Lymey < NNl mayllgll Ly ey
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and since the Gauss-Weierstrafl integral operator KM , is a convolution and f adwfge_gzmz de — 1
it follows that IA(RdJ is a contraction. From (25) we have K{LU = T’QIA(de.Z.Q and since |lig| =1
and |ro|| <1 it follows that || Kq.|| < 1. =

Proof of Theorem 2.7: We utilize the trivial estimate
as(N) S AIfl5 + Rip(f) = Rip,  f € Ho(X) (26)

to bound the approximation error function through a judicious choice of function f € H, (X). To
this end let fp be any Bayes decision function with values in [—1, 1] such that fp = 1 on X; and
fp=-1on X_1. We will choose a function f by smoothing a extension fp of fp to X :=3X. To
do so first consider the extension 7 of 7 that is constant in the outward radial direction, i.e.

() = {”("2 e (27)
|

n ( 7|) , otherwise.

Let us also define X_; := {2 € X : 7j(z) < +} and X, = {z e X i) > 3}. The following
lemma in which B(x,r) denotes the open ball of radius  about = in R? shows that this extension
cooperates well with 7.

Lemma 4.2 For x € X3, we have B(x,7,;) C X1 and for z € X_1, we have B(z, ;) C X_q.
Proof: Let © € Xy and 2’ € B(z,7,). If 2/ € X we have |z — 2/| < 7, which implies n(z) > 1

by the definition of 7,. This shows z/ € X;. Now let us assume |2/| > 1. Since |(z,z')| < |z/| and
Pythagoras theorem we then obtain

2 2 2 2

x _ |2 (wal)a (z,2")a" < |y (z, 2V’ > |(z, &)’ B
[ [ P |2’ |? - |2’ |? ||
= |2’ — =z
Therefore, we have ‘% — x| < 7, which implies 7j(z') = 77(%) > 1 [ |
In order to proceed with the proof of Theorem 2.7 let fp — [—1, 1] be a measurable extension

of fp that satisfies fp =1 on X; and fp = —1 on X_;. We deﬁne fi= rXK fp

Let us first determine the RKHS norm of f. To this end recall that according to Aronszajn [1] we
have rx Hy(X) C H,(X) and

s £, ) < 1l ) f e Hy(X).
Therefore by Lemma 4.1 applied to € := X we obtain f = TXKX Jf}a € HU(X) and

d
2

A~ _d 7 d _d ’, d
e < 1K folly, o € o8 el < ofrivel(X) = of (=) 0(), (28)

d
where 0(d) = d%f(z) is the volume of X.
2

Let us now bound the term R; p(f) — Ry p in the right-hand side of inequality (26). To this end
observe that —1 < f}a < 1 obviously implies —1 < iy f}: < 1, and hence a well-known property of
the Gauss-Weierstrafl integral operator yields

~1 < Kpaigfp < 1.
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Since IA(XJ = TXKRd’UiX and Px has support in X, Zhang’s equation (24) implies
Rip(f) = Rip = Rip(Kpagiyfr) —Rip = Epy (120 —1] - [Kpaigfr — fr]). (29)
In order to bound |KRd’o.7:Xf}D(l’) — fp(x)| for x € X; we observe
fla) = [ oo )folahts = [ holea)ig fole)d
= /Rd I%O(x,x')(i)gf}a(a:') +1)da’ — 1

/ ko (x,2") (i ¢ fp(z') +1)dz’ — 1. (30)
B(z,1z)

Y

Now remember that Lemma 4.2 showed B(z,7,) C X for all # € X; so that (30) implies
f@) 2 2 [ ko)l <1 = 2P (ul < m) -1 = 1-2P, (ful 2 7).
B(z,72)

where v, = ad(ﬂ)_%e*‘#'“‘Qdu is a spherical Gaussian in R?. According to the tail bound [18
inequality (3.5) on p. 59] we have P, (Ju| > r) < 4e=o°*/4d and consequently we obtain

1> f(z) > 1—8eo'm/4d
for all x € X;. Since for x € X_; we analogously obtain —1 < f(a:) < —1+8¢~7°7/4d we conclude

|Kpa iy fp(x) — fp(z)] < 8e o me/4d

for all z € X; U X_;. Consequently (29) and the geometric noise assumption for ¢ := ylelds
Rip(f) = Rip < 8Eppy (I20(x) = 1™ /) < 8C(d)F oo, (31)

where C' is the constant in (10). Now using (31) and (28) the estimate (26) applied to f implies
the assertion. u

4.2 Proof of Theorem 2.6

In this subsection, all Lebesgue and Lorentz spaces (see e.g. [5]) and their norms are with respect
to the measure Pyx.

Proof of Theorem 2.6: Let us first consider the case ¢ > 1 where we can apply the Holder
inequality for Lorentz spaces ([22]) which states

1fglly < [[fllg.0llgllgn

for all f € Lyoo, g € Ly 1 and ¢’ defined by % + % = 1. Applying this inequality gives

Eovy ([20(2) = 11e7%) < 20— 1) lyooj2 = (20() —1)%F |
2
_(12n=1\7 ;-1
< der-ape T @
a,
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where in the last estimate we used the Tsybakov assumption (7) and the fact that P has an envelope
2
of order 7. Let us write h(z) := |2n(z) — 1|7, 2 € X, and b :=t(c,)7 so that

2
2n—1 ¥, —
2n(a) — 112”5 = (e
_2
where g(s) := s~ e~ for all s > 1. Now it is easy to see that g : [1,00) — [0, 00) is strictly
increasing whenever 0 < b < % and hence we can extend g to a strictly increasing, continuous and
invertible function on [0,00) in this case. Let us denote such an extension also by g. Then for this
extension we have

2

Px(goh>7)=Px(h>g '(r)). (33)
Now for a function f: X — [0, 00) recall the non-increasing rearrangement
f*(uw) = inf{oc >0: Px(f >0) <u}, u>0

of f which can be used to define Lorentz norms (see e.g. [5]). For u > 0 equation (33) then yields
(goh)*(u) =inf{o: Px(h> g_l(a)) <u}= g(inf{g_l(o) : Px (h > g_l(a)) < u}) =goh*(u)

Now, inequality (7) implies Px (h > (C)l/q) < u for all 4 > 0. Therefore, we find

1
h*(u) = inf{oc >0: Px(h>0) <u} < inf{o>0:Px(h>0)<u} < (9) i
u
for all 0 < u < 1. Since (go h)* = go h* and g is increasing we hence have

wonrw < o((S)7)

u

for all 0 < u < 1. Now, for fixed & > 0 the bound e~ < ﬁ on (0, 00) implies
s2(&/v=1)

In? (8_2/76_1) +1

g(s) < b°

for s € [1,00). Using that (g o h)*(u) = 0 holds for all u > 1, we hence obtain
A002)

(goh)"(u) = b T :
In? (&) b=1) + 1

for u > 0 if we assume without loss of generality that C' > 1. Let us define & := yq'g—l. Then we
find % + %(1 - %) = 0 and consequently for b < %, ie.t < W, we obtain
© R 0 —1
lgohllg1 = / ud 1(g o h)*(u)du =< bo‘/ u2 du = st (34)
0 0 In®((&)=b71) +1

by the definition on b. Since we also have Ep, (|2n(z) — 1le7/t) < 1 for all ¢ > 0 estimate (32)
together the definition of g and (34) yields the assertion in the case ¢ > 1.
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Let us now consider the case 0 < ¢ < 1 where the Holder inequality in Lorentz space cannot be
used. Then for all £,7 > 0 we have

72 T T
Ep~py <|2n(x) — 1\(3*7) = / |2n(xz) — 1le”t Px(dz) —i—/ 12n(x) — 1le” ¢ Px(dx)
|2n—1|<7 12n—1[>7
2
< q+1 (Tt
< Crit 4+ exp( <Cv> t ) ) (35)

where we used the Tsybakov assumption (7) and the fact that P has an envelope of order v. Let
us define 7 by 791 .= exp(—(é)Q/thl) . For a:= (c¢;)*7(¢+ 1) and small ¢ this definition implies

~ ol ol
r< (ﬂ)2<ﬂni)2
2 at

and hence the assertion follows from (35) for the case 0 < ¢ < 1. |

5 The estimation error of ERM-type classifiers

In order to bound the estimation error in the proof of Theorem 2.8 we now establish a concentration
inequality for ERM-type algorithms which is based on a variant of Talagrand’s concentration in-
equality. Our approach is inspired by a similar result of [4] which uses a complexity measure closely
related to local Rademacher averages. The latter have been intensively studied in learning theory
in recent years (see [21], [2], and [3]). One of the main features of the concentration inequalities
using local Rademacher averages is that they all need a so-called “variance bound” of the form
Epg? < c(Epg)® for constants a > 0, ¢ > 0, and certain functions g. However, for L1-SVMs and
distributions P satisfying Tsybakov’s noise condition for some 0 < ¢ < oo the “sharpest” variance
bounds we can show in Section 6 are of the form Epg? < ¢(Epg)® + § with § > 0, where both ¢
and ¢ depend on the regularization parameter A. Since the latter changes with n — oo the above
mentioned theory must be adapted to this more general situation in order to obtain a full control
over the crucial values ¢ and §.

This section is organized as follows: In Subsection 5.1 we present the required modification of
the result of [4]. Then in Subsection 5.2 we bound the arising local Rademacher averages.

5.1 Bounding the estimation error using local Rademacher averages

We first have to introduce some notations. To this end let F be a class of bounded measurable
functions from Z to R. In order to avoid measurability considerations we always assume that F
is separable with respect to |.||,,. Given a probability measure P on Z we define the modulus of
continuity of F by

wn(F,e) = wpnp(F,e) = ET~Pn< ;H}D |EPf_ETf|>a
SV
Epf?<e

where we emphasize that the supremum is, as a function from Z to R, measurable by the separability
assumption on F. The modulus of continuity will serve as a complexity measure in the main theorem
of this section. In Subsection 5.2 we will then bound w,, (F,¢) by local Rademacher averages which
themselves are treated by certain covering numbers.
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We also need some notations related to ERM-type algorithms: let F be as above and L :
F x Z — [0,00) be a function. We call L a loss function if L o f := L(f,.) is measurable for all
f € F . Given a probability measure P on Z we denote by fpr € F a minimizer of

f=Rrp(f) :=E.pL(f,2).

Throughout this paper Ry, p(f) is called the L-risk of f. If P is an empirical measure with respect
to T € Z" we write fr 7 and Ry 7r(.) as usual. For simplicity, we assume throughout this section
that fpr and fr 7 do exist. Furthermore, although there may be multiple solutions we use a
single symbol for them whenever no confusion regarding the non-uniqueness of this symbol can
be expected. An algorithm that produces solutions fr 7 is called an empirical L-risk minimizer.
Moreover, if F is convex, we say that L is convex if L(.,z) is convex for all z € Z. Finally, L
is called line-continuous if for all z € Z and all f, f € F the function t — L(tf + (1 — t)f, 2) is
continuous on [0, 1]. If F is a vector space then every convex L is line-continuous. Now the main
result of this section reads as follows:

Theorem 5.1 Let F be a conver set of bounded measurable functions from Z to R, and let L :
F x Z —[0,00) be a convex and line-continuous loss function. For a probability measure P on Z
we define

g = {Lof—LOfP’f : fo}.

Suppose that there are constants ¢ > 0, 0 < a <1, >0 and B > 0 with Ep92 < c(Epg)*+9 and
9|l < B for all g € G. Furthermore, assume that G is separable with respect to ||.||, . Let n >1,

z>1 and € > 0 with
1
1) 4 2-a B
e > 10max{wn(g,cao‘+5),\/$7 (c:z:) ’x}.
n n n

Pr* (T eZ™: RLJD(fT’]:) < 'RL,p(pr:) + 6) > 1—e".

Then we have

Remark 5.2 Theorem 5.1 has been proved in [4] for § = 0. In this case its main advantage compared to
the “standard analysis” using uniform deviation bounds is that it can produce rates faster than n~z for
risk deviations. For a further discussion of this issue we refer to [4]. If 6 > 0 the above theorem apparently
cannot produce rates faster than n-s. However, in order to decrease the approximation error, the class F
and (thus G) increases with n for many algorithms. If for such sequences (F,) we can show that d, — 0

then the term 1/%’” no longer prohibits rates faster than n~2. As we will see in Section 6 this phenomenon

actually occurs for L1-SVMs and distributions satisfying Tsybakov’s noise assumption for some exponent
q > 0. Namely, we will show that the rate of §,, — 0 and the values of both ¢ and B are determined by
the approximation error function. In particular, in our analysis approximation properties of H will heavily
influence the estimation error. As far as we know such an interweaving of approximation and estimation
error has never been observed or analyzed before.

As already mentioned, the proof of Theorem 5.1 is based on Talagrand’s concentration inequality
in [35] and its refinements in [27], [17], [20]. The below version of this inequality is derived from
Bousquet’s result in [9] using a little trick presented in [3, Lem. 2.5]:

Theorem 5.3 Let P be a probability measure on Z and H be a set of bounded measurable func-
tions from Z to R which is separable with respect to ||.||,, and satisfies Eph = 0 for all h € H.
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Furthermore, let b > 0 and T > 0 be constants with ||h||,, < b and Eph? < 7 for all h € H. Then
for all z > 1 and alln > 1 we have

2 b
p? (T € Z" : sup Eph > 3Ep/pn sup Epvh + \/?+ a:) < e ",
heH heH n n

This concentration inequality is used to prove the following lemma which is a generalized version
of Lemma 13 in [4]:

Lemma 5.4 Let P be a probability measure on Z and G be a set of bounded measurable functions
from Z to R which is separable with respect to ||.||,.. Let ¢ >0, 0<a <1, >0 and B > 0 be
constants with Epg* < ¢ (Epg)® + 4 and ||g||, < B for all g € G. Furthermore, assume that for all
T € Z™ and all € > 0 for which for some g € G we have

Erg <e/20 and Epg > ¢
there is a g* € G which satisfies

Erg* <e/20 and Epg* =c¢.

Then for alln > 1, x > 1, and all € > 0 satisfying
1
) 4 2-a B
e 2 wmax{un (@, +0), /2, ()77 22
n n n

Pr*(TeZ": for all g € G with Epg < ¢/20 we have Epg<5> > 1—e".

we have

Proof: We define H := {Epg — g : g € G,Epg = €}. Obviously, we have Eph = 0, ||h|, < 2B,
and Eph? = Epg? — (Epg)? < ce® + § for all h € H. Moreover, since it is also easy to verify that
H is separable with respect to |||, our assumption on G yields

Pr*(T € Z":3dg € G with Erg <¢/20 and Epg > 5)
Pr*(T € Z" :dg € G with Epg < e/20 and Epg = 5)

= Pr*(T € Z":3g € G with Epg — Epg > 19¢/20 and Epg = ¢)
< P”(T € Z": sup (Epg—Erg) > 198/20)
g
E}qniza
= P"(T € Z":supEph >19¢/20).
heH

Note, that since H is separable with respect to ||.||,, the sets in the last two lines are actually
measurable. In order to bound the last probability we will apply Theorem 5.3. To this end we have

to show % > 3E7/pn suppey Errh +

2zt

=T bﬁ. Our assumptions on € imply

e > 10ET/NPn( sup ]Epg—ET/gD > 10Egpn sup Eph. (36)
g€eg, heH
Epg?<ce®+6
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Furthermore, since 10 > (?—8)2 and 0 < a <1 we have
dex\ 7a L 60\2\ 7 [dex\ e | (60\ T [der)Tn
> 10 = > 10— (= i > (2 =t
(5T e (6)) )T ()T ()T @
If § < ce® we hence find , X
60 2= 2(ce® 4 d)x\ =
19 gon, ’

. Furthermore, if § > ce® the assumptions of the theorem shows

n
e > 10,/2% 5 80 JW0r o 60 et +)x
- n ~— 19 n ~ 19 n

2(ce*+0)x
n

™

c - - 19 2(ce*+0)x
which implies gje >/ =———

Hence we have é—gs >

7:=c£%+§ and b := 2B. By (36) and ¢ > 1%5Z we then find

for all e satisfying the assumptions of the theorem. Now let

19 19 2(ce> + 6 19B 2 b
e > —Ep . pnsup Eph + (ce® + )z + TS 3Er/pn sup Eph + ikl + 2
20 6 heH n 6n heH n n

Applying Theorem 5.3 then yields

Pr* (T € Z":3g € G with Erg <¢/20 and Epg > 6)
< P™(T € Z" : sup Erh > 19¢/20)

heH
2 b
< P" <T € Z" : sup Erh > 3Eq/ . pn sup Epvh + \/?4_ x)
heH heH n n

-
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With the help of the above lemma we can now prove the main result of this section, that is
Theorem 5.1:

Proof of Theorem 5.1: In order to apply Lemma 5.4 to the class G it obviously suffices to show
the richness condition on G of Lemma 5.4. To this end let f € F with

ET(L @] f — L o fP,]:)
]EP(L O f — L (e} fP,]:)
For t € [0, 1] we define f; :=tf+ (1 —t)fpr. Since F is convex we have f; € F for all t € [0,1]. By

the line-continuity of L and Lebesgue’s theorem we find that the map h : ¢t — Ep(Lo fy— Lo fpr)
which maps from [0, 1] to [0, B] is continuous. Since h(0) = 0 and h(1) > ¢ thereis a t € (0, 1] with

£/20

<
> €.

Ep(Lo fi—Lo fpr) = h(t) = ¢

by the intermediate value theorem. Moreover, for this ¢ we have

Er(Lofi— Lo fpr) < ET(tLof+(1—t)Lofpf_Lofpf) < £/20.
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1 1
Now, let ¢ > 0 with ¢ > 10max{wn(g,cz-:a +0), (%’)2 , (4“)2 E B’”} Then, by Lemma 5.4 we
find that with probability at least 1 — e~ every f € F with ET(L of—Lo fpr) < e/20 satisfies
Ep(Lo f— Lo fpr) < e. Since we always have

ET(LofT,}'_LOfP,_'F) <0< 6/20

we obtain the assertion. [ |

5.2 Bounding the local Rademacher averages

The aim of this subsection is to bound the modulus of continuity of the class G in Theorem 5.1. To
this end we will first relate the modulus of continuity to local Rademacher averages. Then we will
bound these averages with the help of covering numbers associated to G and reformulate Theorem
5.1.

Let us first recall the definition of (local) Rademacher averages. To this end let F be a class of
bounded measurable functions from Z to R which is separable with respect to ||.||,. Furthermore,
let P be a probability measure on Z and (g;) be a sequence of i.i.d. Rademacher variables (that is,
symmetric {—1,1}-valued random variables) with respect to some probability measure p on a set
Q. The Rademacher average of F is

Radp(F,n) := Rad(F,n) := Ep:E,sup
feF|M

Zszf Zz

Rademacher averages have been intensively used in empirical process theory. For more information
we refer to [38]. Now for € > 0 the local Rademacher average of F is defined by

Zng Zz

Rad(F,n,e) := Radp(F,n,e) := Ep:E, Sup

]EPf2<€

Obviously, the local Rademacher average is a Rademacher average of a restricted function class.
Furthermore for a given real number a > 0 we immediately obtain Rad(aF,n) = aRad(F,n) and

Rad(aF,n,e) = aRad(F,n,a ). (38)

Finally, by symmetrization the modulus of continuity can be estimated by the local Rademacher
average. More precisely, we always have (see [38])

wpn(F,e) < 2Radp(F,n,¢).

In the following we estimate Rademacher averages in terms of covering numbers using the
path of [21]. Since we are interested in the arising constants, we add the proofs for the sake of
completeness. We begin by recalling an extension of a theorem of Dudley to subgaussian processes
proved in [38]. For the formulation we also refer to [21]:

Theorem 5.5 There exists a universal constant C' > 0 such that for all ||.|| . -separable sets F of
measurable functions from Z to [—1,1], all probability measures P on Z, and all n > 1 we have

C T
Rad(F,n) < \/ﬁETNPn/\/IogN(}",s,Lg(T))ds,
0

where o1 = super || fl L (1)
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The next theorem due to Talagrand [35] estimates the expected diameter of F when interpreted
as a subset of Lo(T):

Theorem 5.6 Let F be a class of measurable functions from Z to [—1, 1] which is separable with
respect to ||.||,, and P be a probability measure on Z. Then we have

Eppn sup ||f||%2(T) < 8Rad(F,n) +supEpf?.
feFr feFr
With the help of the above theorems we now can establish the following bound on the local
Rademacher averages which is a slight modification of a result in [21]:

Proposition 5.7 Let F be a class of measurable functions from Z to [—1,1] which is separable
with respect to ||.||., and let P be a probability measure on Z. Assume there are constants a > 0
and 0 < p < 2 with

sup log NV (F,e,Ly(T)) < ae™P

Tezm
for all e > 0. Then there exists a constant c, > 0 depending only on p with

Rad(F,n,e) < Cpmax{sl/Q—pﬂL(Z)l/Z, (Z)Q/(QHD)}

Proof: We write F; := {f : f € F and Epf? < ¢} and 67 := supscz || fllz,(r). Then applying
Theorem 5.5 and Theorem 5.6 to F. yields

5T 6T
Rad(F.m.8) < = Epops / V0B N (7,8, Lo(T))ds < B / 57/2q5
0 0
cpva 1-p/2
< 2YX_Eropnéy ?
s~ Jp Brer op
S Cpﬁ (ETNP'”(S%) 1/2—[)/4

vn

< c]\,/\%ﬁ (SRad(}",n,s) +e

where ¢, > 0 is a constant depending only on p. If ¢ > Rad(F,n,e) we hence find

) 1/2—p/4

)

Rad(F,n,e) < ¢, ael/2p/Ap =12

where ¢, := 91/2*1”/401,,. Conversely, if ¢ < Rad(F,n,e) we obtain

c\a 1/2-p/4
Rad(F,n,e) < pVe (Rad(f,n,e)) 8 ,
vn
which implies
2/(2+p)
Rad(F,n,e) < c;/(ﬁ) ! ,
n
where cg > (0 is a constant depending only on p. |

Using the above proposition we may now replace the modulus of continuity in Theorem 5.1 by
an assumption on the covering numbers of G. As in Section 5 we assume that all minimizers exist.
Then the corresponding result reads as follows:
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Theorem 5.8 Let F be a convex set of bounded measurable functions from Z to R and let L :
F x Z —[0,00) be a convex and line-continuous loss function. For a probability measure P on Z
we define

G :={Lof—Lofpr : fEF}.
Suppose that there are constants ¢ >0, 0 < a <1, 5 >0 and B > 0 with Epg? < ¢ (Epg)® + 6 and

9l < B for all g € G. Furthermore, assume that G is separable with respect to ||.||, and that
there are constants a > 1 and 0 < p < 2 with

sup logN(B_lg,E,Lg(T)) < ag™? (39)
TezZn

for all e > 0. Then there exists a constant ¢, > 0 depending only on p such that for alln > 1 and
all z > 1 we have

Pr* (T e Z" :Rrpp(frr)>Rrp(frr)+cpe(n,a, B,c, 5,:U)) <e 7,

where
2p 2-p a m P 2p Q)3 a ﬁ
e(n,a,B,c,d,x) = Bi-2atapci-2a+tap (—) + B2§ 1 (—) + B(—)
n n n
ox cx\z=a Bz
w2 (@) B
n n n
Proof: By (38) and Proposition 5.7 we find
1 2
Rad(G,n,e) = BRad(B~'G,n,B %) < ¢,B In:euc{B_lJ“geé_Z (ﬂ) 2, (E) 2+p}
n n
1
= c;annax{Bgaéfi (a) 2,B<g) 2+p}
n
We assume without loss generality that ¢, > 5. Let €* > 0 be the largest real number that satisfies
1 p 1
e* = 2¢,B5 (c(")* + 6)2 5 (9) 2 (40)
n

Furthermore, let € > 0 be a such that

_1
= s B (1) () I (1)
P n ) n ) n) n s " .

It is easy to see that both ¢ and €* exist. Moreover, our above considerations show & >

1 1
10max{wn(g,05°‘ +9), (%)2 , (4%) 2o ,%}, i.e. ¢ satisfies the assumptions of Theorem 5.1. In

order to show the assertion it therefore suffices to bound ¢ from above. To this end let us first

assume that
1 2 P
Bg(ceoﬂ—d)%(g)Q > maX{B(a)Hp,\/E, (403:)2 ’Baz}.
n n n n n

Then we have ¢ = QCPB% (ce® +5)% (%)% Since € is the largest solution of this equation we hence
find ¢ < &*. This shows that we always have

2 [oz (4cx\T= B
e < 5*+2cp<B<a>2+p+ x+<cx> —i—x).
n n n n
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Hence it suffices to bound &* from above. To this end let us first assume c¢(¢*)®* > §. This implies
e* < 4c, BP?(c- (5*)0‘)1/2_p/4(%)1/2, and hence we find

2
2p 2-p a\ 1=satas
" < 16C§B4—2a+wc4—2a+w (—)4 socer
n

Conversely, if ¢(¢*)* < § holds then we immediately obtain

1
< 4o, BE T (2)
n

6 Variance bounds for L1-SVMs

In this section we prove some “variance bounds” in the sense of Theorem 5.1 and Theorem 5.8 for
L1-SVMs.

Let us first ensure that these classifiers are ERM-type algorithms that fit into the framework
of Theorem 5.8. To this end let H be a RKHS of a continuous kernel over X, A > 0, and
[:Y xR —[0,00) be the hinge loss function. We define

L(f,z,y) = A flF + Uy, f(z)) (41)

and
L(fb,x,y) = MflF+ Uy, f(z)+b) (42)

forall fe H beR, 2z € X, and y € Y. Then Ry 7(.) and Rp r(.,.) obviously coincide with the
objective functions of the L1-SVM formulations and hence we see that the L1-SVMs implement
an empirical L-risk minimization. Furthermore note, that all above minimizers exist (see [33]) and
thus the L1-SVM formulations in terms of L actually fit into the framework of Theorem 5.8.

The rest of this section is organized as follows: in the first subsection we establish a variance
bound which holds for all distributions P on X x Y. In the second subsection we will improve this
variance bound for probability measures having some Tsybakov noise exponent ¢ > 0.

6.1 Bounding the variance for L1-SVMs—the general case

Let us begin with stating the main result of this subsection which gives a “variance bound” for the
class G defined in Theorem 5.1 for L1-SVMs without offset:

Proposition 6.1 Let 0 < A <1, H be a RKHS over X, and F C /\_%BH. Furthermore, let L be
defined by (41) and P be a probability measure. We write

g = {Lof*LOfP’f : fo}.

Then for all g € G we have
(4+2K)?

Epg® < )

Epg.

Remark 6.2 Proposition 6.1 establishes a variance bound of the form Epg? < ¢ (Epg)® + § with a = 1,

2
c= (4+22;<) , and § = 0. In particular, by substituting a by 1 and for z > 1 the term &(n,a, B, ¢, d,z) in

Theorem 5.8 can be estimated by

2 2
e(n,a, B,c,,2) < B?rc2¥r <—) oy xB(g) Ry (43)
n
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Remark 6.3 Unfortunately, our techniques heavily rely on the strict convexity of the RKHS norm and
hence it turns out that they can only be used for L1-SVMs without offset.

For the proof of the abovelproposition we need some notations. To this end let A > 0, H be
a RKHS over X, and F C A\™2Bg. Furthermore, we assume that | denotes—as usual—the hinge
loss and L is defined by (41). We define the “metric”

duy(f,9) = 2VAIf = gllu + |f(2) — g(2)]

for all (z,y) € X xY and all f,g € F. Note that L is “point-wise Lipschitz continuous” with
respect to dg 4, i.e. we have

‘L(f7$7y) - L(g,l’,y)‘ < dz,y<fag)

for all (z,y) € X xY and all f,g € F. Our ansatz is a modification of the idea presented in [4]
which uses a modulus of convexity in order to quantify the convexity of the loss function. In our
situation the strict convexity of L is due to the RKHS norm of the regularization term. This is
reflected in the definition of d,, as well as in the following definition: for ¢ > 0 the “modulus of
convexity of L” is defined by

5(e) = mf{L(f,x,y);L(g,x,y)_L<f;rg

,:E,y) c(z,y) € X XY, f,g € F with d (£, 9) 26}.

Since L is convex in f it is easy to see that d(¢) > 0 for all € > 0. In the next lemma we establish
a stronger lower estimate of §(.).

Lemma 6.4 Let 0 < A <1 and € > 0. Then with the above notation we have

Ae?
i) > [CETTeEk

Proof: Let x € X,y € Y and f,g € F with dy,(f,g) > €. Then we find ¢ < 2V\||f — gllx +
|f(x) —g(z)] < (2+ K)||f — g||lg. Since [ is convex and the norm ||.| of the RKHS satisfies the
parallelogram law we then have

L(f,z,y) + L(g,2,y) _L<f+g . y)

2 2
Pl e S @) + i) [, @)+ o)
2 H 2 H * 2 (y 2 >
= 5
Ae?
= Gr2K?

Let us now define a “modulus of continuity” for the L-risk f +— Ry p(f). To this end we write
1/2
dP(f? g) = (E(x,y)Nszg,y(fag)) / for all f’g € f) and

_ inf{RL,P(f) +Rr,pr(9) _RL,P<f+g

513(6) : B 5

) :f,gE}—Withdp(f,g)ZE}.

Again, it is easy to see that dp(¢) > 0 for all € > 0 by the convexity of L. The next lemma which
is based on Lemma 6.4 significantly improves this lower bound on dp(¢).

25



Lemma 6.5 Let 0 < A < 1, ¢ > 0, and P be a distribution on X x Y. Then with the above

notation we have
Ae2

5P(E) Z m B

Proof: Let f and g with dp(f,g) > €. Then by Lemma 6.4 we find

Reip(f) ; Rirle) g ( % ) Eoyor <L(f, z,y) —; Lig:zy) <f —5 9 . y>>
> Eay)~rd(dey(f,9))
T (4+2K)2°

Proof of Proposition 6.1: By the definition of the modulus of convexity dp, the definition of
fp7 and Lemma 6.5 we obtain

Rr.p(f) +27€L,P(fp,f) > RL7P<f +2fP,f) 4 Sp(dp(f, frr))
> Ryp(fer)+op(de(f, frr))
> Rrp(frr)+ M

(4+2K)?

for all f € . For g:= Lo f — Lo fpr we hence have

% (f, fpF)

Epg = RL,P(f)—RL,P(fP,f) > 2 (4+2K)2

Furthermore, since L is point-wise Lipschitz-continuous with respect to d, , we find

Epg® =Ep(Lo f—Lo fpr)’ < Ewyoprde, (f. frr)) = db(f, frF).

6.2 Bounding the variance for L1-SVMs—Tsybakov’s noise condition

As we have seen in the previous subsection we always have a variance bound for the L1-SVM in the
sense of Theorem 5.1. Besides the fact that this bound was only established for L1-SVMs without
offset it appears to be sharp since it has the “opltimal” values @ = 1 and § = 0. However, it turns
out that if we want to show rates faster than n~2 we need a variance bound which is less sensitive
to the regularization parameter A. In this subsection we will establish such bounds for underlying
distributions P satisfying Tsybakov’s noise assumption for some exponent ¢ > 0. An additional
benefit of the approach of this subsection is that it can also be used for L1-SVMs with offset. In
fact besides slightly larger constants the results are the same.

As in the last subsection [ denotes the hinge loss. If no confusion can arise, f; p denotes a
minimizer of R; p. For the shape of these minimizers which depend on 7 := P(y = 1|.) we refer to
[41] and [32]. We begin with a variance bound which can be used when considering the empirical
l-risk minimizer:
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Lemma 6.6 Let P be a distribution on X XY with Tsybakov noise exponent 0 < q < co. Then
there exists a minimizer fj p mapping into [—1,1] such that for all bounded measurable functions
f: X — R we have

Ep(lof—1lofip)® < (120 —1)"Ygeo +2) (||f”oo+1)%(Ep(lof—loflyp))m.

Proof: Given a fixed z € X we write p := P(1|x) and t := f(z). Since Tsybakov’s noise assump-
tion implies Px(Xo) = 0 we can restrict our considerations to p # 1/2. We will show

p(I(1,t) = U1, fip(2)” + (1= p) (I(=1,8) = I(~1, fi.p(2)))*

< (|t|+|2pQ_1|) (P10 = U1, frp(@) + (1= D) (U-1,8) = U1, fip(@)) ) . (44)

Without loss of generality we may assume p > 1/2. Then we may set f; p(x) := 1 and thus we
have I(1, f; p(z)) = 0 and (-1, f; p(x)) = 2. Therefore (44) reduces to

plP(Lt) + (1 - p)(I(=1,¢) = 2)* < <|t|+ 2_1><pl(1,t)—i—(l—p)(l(—l,t)—Q)). (45)

2p

Let us first consider the case t € [—1, 1]. Since we then have [(1,t) =1 —t¢ and I(—1,t) = 1+t we
find

PP+ (1 -p)(I(-1,0)=2)" = p(l—t)*+ (1 —p)(t—1)* = (1—1)
and
plLO+ 1 -p)((-1,1)=2) = pA-t)+(1-p)(t—1) = (2p—1)(1—1).
Therefore, (45) reduces to

(1-1)? < (|t|+ )(2p—1)(1—t).

2p—1

Obviously, the latter inequality is equivalent to 1 —t < (2p — 1)|¢| + 2 which is always satisfied for
te[-1,1] and p > 1/2.

Now let us consider the case ¢ < —1. Since we then have [(1,¢) =1 —¢ and I(—1,¢) = 0 we find
2
pP(Lt)+ (1 =p)(I(=1,6) = 2)" = p(1—1)° +4(1~p)

and
plUL )+ 1 -p)(I(-1,t) =2) = p(1-1t)—2(1-p).

Therefore, it suffices to show

L= 07 +40-p) < (~t+5"5) b0~ +20-1).

2p—1
It is easy to check that this inequality is equivalent to

_2p2—3p+2 6p —4

4-3p < .
p= op—1 2 —1

2
Since gg—:‘f —443p= Ggp:‘;’p we thus have to show

(6 —2t) —p(5b—3t) — 2t > 0.
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5—3t
12—4t-

The left hand side is minimal if p = Therefore, we obtain

5—3t\? (5 — 3t)2 (5 — 3t)2 7t2 — 18t — 25
2

—2t)—p(5—3t)—2t > Loy 0T gy 0T g T
P(6-2t)—p(5-3)=2t = <12—4t> (6=20) =53~ 2a—s 24 — 8t

and hence it suffices to show 7t?> — 18t — 25 > 0. However, the latter is true for all t < —1 since
t +— Tt2 — 18t — 25 is decreasing on (—oo, —1].

Now, let us consider the third case ¢ > 1. Since we then have {(1,¢) = 0 and {(—1,¢) = 1+t we find

pP(LO+(1=p)(I(-1,6)=2)" = (1-p)(t—1)°
and
UL+ (1L -p)((~L,t)=2) = (1-p)(t—1).
Therefore, it suffices to show
t—1 < t+

2p—1°
Since this is always true we have proved (45). Furthermore, for p < % the proof of (44) is completely
analogous and therefore (44) holds.

Now, let us write g(y, z) := l(y, f(z)) — l(y, fip(z)), hi(z) := n(z)g(1,z) + (1 —n(x))g(—1,z), and
ha(z) = n(2)g*(1, ) + (1 = n(x))g*(~1,2). Then (44) yields ha(x) < (|| flloc + fyez—p7)ha(2) for
all x with n(z) # 1/2. Hence for ¢t > 1 we find

Epg? = / ho dPx + / ho dPx

|2n—1|"t<t t<|2n—1]"t<oo

(e +2) [ mdpes [ e+ 1P
|2n—1|" <t t<|2n—1|"t<oo

2(Ifllow + Epg + (| flloc + 1)2Px (120 = 117 > )

2t (Iflloc + DEpg + (1flloc + 12120 — 1) gt 9.

Let us define ¢ by t91 := (|| f|lc + 1)(Epg)~!. Since Epg < ||f]|,, + 1 we have ¢ > 1 and hence the
above estimate yields the assertion. |

IN

IN

IN

In the case of L1-SVMs with offset we also need the following lemma which bounds the size of
the offset bp . This lemma has been proved in [15] for empirical distributions. Although its gener-
alization to general probability measures is straight forward we include the proof for completeness.

Lemma 6.7 Let P be a distribution on X XY and A > 0. Then for all possible pairs (fp)\, l;p}\) €
H x R we have

bpal < [[fpallso +1.

Proof: 1f P(y = y*|z) = 1 Px-a.s. for some y* € Y there is nothing to be proved since l~)p7>\ =y* by
our assumption on L1-SVMs mentioned in Section 2. Now let us assume that Bp’ A >l fp7 Alloo +1
and that P is not degenerate in the above way. Then there exists a constant § > 0 such that
pr)\ > pr’AHOO +1+4¢. This implies fpy)\(x) —f—Bp,)\ > 146 for all z € X. We define bp = Bp)\ —4.
Obviously, we then find (1, fp(x) +bpr) = 0 =1(1, fpa(x) + bp,) and

11, fpa(@) +bpp) =1+ fpa(@) + bpp = 1+ fpa(a) + by + 6 = U(—1, fpa(x) +bpy) +6
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for all x € X. Therefore we obtain Rl,p(fp)\ + BP,A) > Rl,P(fP)\ + b}}’A) by using the assumption
on P. |

The proof of the above lemma can be easily generalized to a larger class of loss functions. In
particular for the squared hinge loss function used in L2-SVMs Lemma 6.7 holds.

With the help of Lemma 6.6 we can now show a variance bound for the L1-SVM. For brevity’s
sake we only state and prove the result for L1-SVMs with offset. Therefore, the loss function L is
defined as in (42). Considering the proof it is immediately clear that the following variance bound
also holds for the L1-SVM without offset.

Proposition 6.8 Let P be a distribution on X XY with Tsybakov noise exponent 0 < g < oo.
Define C := 1648|/(2n—1)"Y|.00- Furthermore, let A > 0 and 0 < v < A\~Y/2 such that fp € YBg.
Then for all f € yBy and all b € R with |b| < Ky + 1 we have

b) — Lo (fpy, 5P,A))> 7
T(A)-

Proof: Let us define €' := K+ 1. By Lemma 6.7 we then see ’EP)\‘ < C. We fix f+b and choose
a minimizer f; p according to Lemma 6.6. Using (a+b)? < 2a?+2b? for all a,b € R we first observe

E(Lo(f,0) = Lo (forbpy))’ < 8C(Ky+1)5 (E

(Lo(f,
160 (K + 1)t qatT

E(Lo(fb)—Lo (]?P)UBP)\))Q

< 2E(A|fI? = Al feal)? +2E(lo (f +b) — Lo (fpa +bpa))°
< 203 f)t 4 222 foallt + 2E(Lo (f +b) — Lo (fpa +bpy))”
< AE(lo(f+b) —lofip)’ +4E(lo fip — Lo (fex+bpa))” + 222 |+ 222|| fpalt.

By Lemma 6.6 and a? + b” < 2(a + b)P for all a,b> 0,0 < p < 1 we find

E(lo(f+b)—lofip)’ +E(lo fip—lo(fpr+bpn))°

< ol (E(l o(f+b)—lofip) +E(lo(fra+bpy)—lo fz,P)) "

9
1

Since A2||f||* < 1 and A\?||fpa||* < 1 we hence obtain

E(Lo(f,b) — LO(fP,Aai)P,)\))Q

< 400 (E(lo (f +b) —lofip) +E(lo(fpr +bpa) — lof; P))ﬁ + 207 FI1* + 222 fpa

< SCCH (B(lo(f +1) — tofir) +E(lo(Fra + bra) —10fir) + VIS + 32 Fpal)) ™

< cCi (E(lo f4+b) —lo(fea+bpy)) +2E(lo(fpa+bpa) — lofip) + Al fI1? + /\HJZP,AH2>ﬁ
< 80(Cr (E(Lo (f +b) — Lo(fpa+bpa)) + 2E(lo(foa+bpy) — lofip) + 2)‘||JEP,)\||2>#

< (E(Lo Lo(fm,bm)))q% +16CC T a7 T()) .
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Remark 6.9 Proposition 6.8 establishes a variance bound of the form Epg? < ¢ (Epg)® + § with a = #7
¢ = (128 + 64[(27 — 1) lg.00) BT, and § = (256 + 128]|(27 — 1)~ lg.00) Bit a7tT(A). Recall, that by
substituting a by q% the term ¢ := ¢(n, a, B, ¢, 0, ) in Theorem 5.8 can be estimated by

2p(a+1)  (2-p)(atD) /@ % P 2-p /A3 a\ =% ox cz\Ys Bz
e < Bt (2) + B (D) 4 B(2)TT [ ()T 2R )
n n n n

- n n

for z > 1. Of course, we can also replace ¢ and § by the above estimates. However, we will see in Section 7
that the above form is slightly easier to control.

7 Proof of Theorem 2.8

In this last section we prove our main result Theorem 2.8. Since the proof is rather complex we
split it into 3 parts: in Subsection 7.1 we estimate some covering numbers related to L1-SVMs
and Theorem 5.8. In Subsection 7.2 we then show that the trivial bound f7\ < A"1/2 can be
significantly improved under the assumptions of Theorem 2.8. Finally, in Subsection 7.3 we prove
Theorem 2.8.

7.1 Covering numbers related to SVMs

In this subsection we establish a simple lemma that estimates the covering numbers of the class G
in Theorem 5.8 with the help of the covering numbers of By. For brevity’s sake it only treats the
case of L1-SVMs with offset. The other case can be shown completely analogously.

Lemma 7.1 Let H be a RKHS over X, P be a probability measure on X x Y, X > 0, and L be
defined by (42). Furthermore, let 1 <~ < /\_%, K be defined by (14), and
F:={(f,b) e HxR:||fllg <~v and|b| <yK +1}.
Defining B :=2vK + 3 and
G == {Lo(f,b)~Lo(fpr.brF) : (f,b)€F}

then gives ||g||,, < B for all g € G, where (fpr,bpr) denotes a L-risk minimizer in F. Assume
that there are constants a > 1 and 0 < p < 2 such that for all € > 0 we have

sup log N(Bp,e,La(Tx)) < asP.
Tezn

Then there exists a constant ¢, > 0 depending only on p such that for all ¢ > 0 we have

sup log/\/'(B_lg,s,Lg(T)) < cpac?.
Tezn

Proof: Let us write G := {Lo(f,b) : (f,b) € F}and H := {lo(f+b) : (f,b) € F}. Furthermore,
for brevity’s sake we denote the set of all constant functions from X to [a, b] by [a,b]. We then have

N(B™'G,e,Ly(T)) = N(B7G,e,Lo(T)) < N([0,\%] + B~ M, ¢, Ly(T))

using the Lipschitz-continuity of the hinge loss function. By the sub-additivity of the log-covering
numbers we hence find

log N (B7'G,3¢,Lo(T)) < logN ([0, 7], &,R) +log N (B~ H, 2, Ly(T))

< log(é + 1) +1log N'(B™/(B - B + [-B, B]), 2¢, Ly(Tx))

IN

210g<§ + 1) +log N (B, €, La(Tx)) -
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From this we easily deduce the assertion. |

7.2 Shrinking the size of the SVM minimizers

In this subsection we show that the trivial bound || 7, ]| < A~'/2 can be significantly improved under
the assumptions of Theorem 2.8. In view of Theorem 5.8 this improvement will have a substantial
impact on rates of Theorem 2.8. In order to obtain a rather flexible result let us suppose that for
all 0 < p < 2 we can determine constants ¢,y > 0 such that

sup log N (Bp,,e,L2(Tx)) < coVleP (47)
TezZn

holds for all € > 0, o > 1. Recall, that by Theorem 2.1 we can actually choose v := (1 — §)(1 +6)
for all § > 0.

Lemma 7.2 Let X be the closed unit ball of the Euclidean space R%, and P be a distribution on
X x Y with Tsybakov noise exponent 0 < q < oo and geometric noise exponent 0 < a < 00.
Furthermore, let us assume that (47) is satisfied for some 0 < v < 2 and 0 < p < 2. Given an
0§§<% we define

_ 4(a+1)(q+1) 1
Ap = n CatDCatpetd)Tar(etD) T
and 1
Op = Ap T4

Assume that for the L1-SVM without offset using the Gaussian RBF kernel with width o, there are

constants m +4c<p< % and C > 1 such that

Pr* (T e (X xY): | frall < cm;ﬂ) > 10

for alln > 1 and all x > 1. Then there is another constant C > 1 such that for p := %(Q(alﬁ-l) +
4§—|—p) and for alln > 1, x > 1 we have

Pr* (T (X xY)": | fra,ll < émgﬁ) > 1_e®.
If ¢ > 0 then the same result is true for L1-SVMs with offset.

Proof: We only prove the lemma for L1-SVMs without offset since the proof for L1-SVMs with
offset is analogous. Now let fT’ A, De a minimizer of Rz 7 on C’a:)w(f -U2p H,,,» Where L is defined
by (41). By our assumption we have fT, An = JT ), With probability not less than 1 —e™ since fr ),
is unique for every training set T by the strict convexity of L. We show that for some constant
C >0andall n > 1, z > 1 the improved bound

A JON -ty
[franll < Cxdn® (48)

holds with probability not less than 1 — e™®. Consequently, [|fr,| < Ca P~ holds with
probability not less than 1 —2e~*. Obviously, the latter implies the assertion. In order to establish

(48) we will apply Theorem 5.8 to the modified L1-SVM classifier which produces fT’ A,- To this end
(p-1)/2p
n H,

on

we first remark that the infinite sample version fp’)\n which minimizes Ry p on CxA
exists by a small modification of [33, Lem. 3.1].
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Let us first treat the case ¢ > 0. By Proposition 6.8 and assumption (47) we observe that we may
choose B, a and c such that
B ~x\)*
J.
a ~ )\n a+1

g2 —p. 1t2
¢~ xatl),

Furthermore, Theorem 2.7 shows a, (An) < As' and thus by Proposition 6.8 we may choose

ag—p(g+2)(a+tl)
§ ~ gt ), FD(D
Now Remark 6.9 and a rather time-consuming but simple calculation shows that

L_2p(a+1)71 . (2a+1)(2g+pg+4)+4v(q+1)
6(77,, a, B, c, 57 x) =< .%'2)\34—1 2(a+1) 2(a+1)(2g+pg+4)

By Theorem 5.8 there is therefore a constant C; > 0 independent of n and z such that for all n > 1
and all x > 1 the estimate

Aallfronl? < Aallfronl? + Rip(fra,) — Rip
a__2p(atl)=1_  (2041)(2q+pg+4)+dy(g+1)

)‘nH.]EP,)\n H2 + Rl,P(fP,/\n) —Rip+ C«le)\ﬁ_ 2(at1) 2(a+1)(2¢+pq+4)

IA

holds with probability not less than 1 — e™*. Now, A|fpll? < a0, (An) = A" yields || fen, || =<
1

An 2D and hence p > 5—— implies [fea.ll < An? < CxA,” for large n. In other words, for

2(a+1)
large n we have fp ), = fp,. Consequently, with probability not less than 1 — e~ we have

o 9 9 S a ,2P(a+1)*17§_(2a+1)(2q+pq+4)+4w(q+1)
a+1 2(a+1 2(a+1)(2 4
Ml franll? < Mallfer I+ Rip(fea,) — Rip + Crz“ g™ (at1) (a+1)(2aFpat)
PO - _a__ 2p(atl)=1_ 4
< Codg™h 4 Cra g™t et ,

which shows the assertion in the case ¢ > 0.

Let us now prove the assertion for ¢ = 0. By Proposition 6.1 and assumption (47) we observe that
we may choose B, a and c¢ such that

c ~ M1

and thus Remark 6.2 and a simple calculation gives us

2a—2app—2ppt+ap+p —4¢
2 1
e(n,a,B,c,6,x) < x?)\, CPeD

By Theorem 5.8 there is therefore a constant C; > 0 independent of n and z such that for all n > 1
and all x > 1 the estimate

Allfronll? < Aallfroan? + Rup(frn,) — Rip
2a—2app—2pp+ap+p —4c

< Mallfeanl? + Rip(fear,) — Rip + Cra?y, e
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holds with probability not less than 1 —e™". As in the case ¢ > 0 we find fp), = fp7 \, for all large
n. With probability not less than 1 — e™* this gives

. ~ 2a72app72pp+ap+p74<
Mllfrad? < Mallfeadl? + Rip(fpa,) ~ Rup +Cra®hy =70

N a ~ 2a—2ap—2p+174
< CoAi T CraPa,

. o - o 2p(adl)=1
= CoAi™ + Cra?a ™t et

<

where we used p > m and p < 2. From this we obtain the assertion for ¢ = 0. [ |

7.3 Proof of Theorem 2.8

The next theorem establishes almost the result of Theorem 2.8. We present this intermediate result
because it clarifies the impact of covering number bounds of the form (47) on our rates.

Theorem 7.3 Let X be the closed unit ball of the Euclidean space R%, and P be a distribution
on X XY with Tsybakov noise exponent 0 < q < oo and geometric noise exponent 0 < o < 00.
Finally, let us assume that we can bound the covering numbers by (47) for some 0 < v < 2 and
0<p<2. Given an0§§<% we define

_ 4(a+1)(q+1) J
Ap = n QafDCatpe+H+av(a+l) 1—<
and )
Op = A TV

Then for all € > 0 there is a constant C' > 0 such that for all x > 1 and all n > 1 the LI-
SVM without offset and with reqularization parameter A, and Gaussian RBF kernel with width o,
satisfies

* n . 2, — Tty s T +20c+e R
Pr*(T € (X xY) ~RP(fT,>\n)§RP+Cl‘ n  @atD)2etpetd)+4y(g+D) T—< > 1—e 7.

If ¢ > 0 then the same result is true for L1-SVMs with offset.

Proof: Iteratively using Lemma 7.2 we find a constant C' > 1 such that for p := 2(Tl+1) +4¢ + €
and all n > 1, x > 1 we have

pr* (T € (X xY): | fra,ll < CmA,;P> > 1-e®,
Repeating the calculations of Lemma 7.2 (distinguish between the cases ¢ > 0 and ¢ = 0) we hence
find a constant C' > 0 such that for all n > 1 and all x > 1 we have
2 9 _ 9 %72;)2(04«%1{7174
Mallfraall? +Rip(fra.) —=Rip < Aallfeaal® +Rip(fea,) = Rip + Cia®Ag™ 2o
with probability not less than 1 — e™*. By the definition of p we obtain

a  2p(at1)—1

c O g ey B da(g+1) L
D G <\t sTeTR < n~ @eFDCatpa DTGt T +206+3e

From this we easily deduce the assertion. |
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In order to prove Theorem 2.8 recall that by Theorem 2.1 we can choose v := (1 — £)(1+0) for
all § > 0. The idea of the proof of Theorem 2.8 is to let § — 0 while simultaneously adjusting .
The resulting rate is then optimized with respect to p. Unfortunately, a rigorous proof requires to
choose p a-priori. Therefore, the optimization step is somewhat hidden in the following proof:

Proof of Theorem 2.8: Let us first consider the case o < %. Our aim is to apply Theorem

7.3. To this end we write ps :=2— ¢ and y5 := (1 — E)(1 +0) = g(l + ) for 6 > 0. Furthermore,
we define ¢5 by
4a+1)(g+1) 1 a+1

(2a+1)(4g—06q+4) +475(g+1) 1—¢ 2041
Since 2aq —q—2 <0< 26(q¢+ 1) we have ¢(2a+ 1) < 2(1+46)(¢+ 1) and hence

42a+1)(g+1) <4(2a + 1) (g +1) —6q(2a +1) +25(1 + ) (g + 1).

This shows ¢s > 0 for all 6 > 0. Furthermore, these definitions also imply ¢ — 0 and v5 — 0
whenever § — 0. Now, Theorem 7.3 tells us that for all ¢ > 0 and all small enough § > 0 there
exists a constant Cs,. > 1 such that for all n > 1, > 1 we have

4da(g+1) 1 +20§5+6)

Pr* (T eE(X xY)":Rp(fry,) <Rp+ 0676332”_ Qo+ (4q—8q+4)+475(q+1) 'T-<5 > 1—e".

In particular, if we choose 0 sufficiently small we find the assertion.
Let us now consider the case % < a < 0o. In this case we write ps := § and 75 := (1 -52)(1+9) =

1+ g — % for 4 > 0. Furthermore, we define ¢5 by

4a+1)(¢+1) 1 2(a+1)(qg+1)

20+ 1)2q+0g+4) +4y(g+1) 1-g  2a(g+2)+3¢+4

Since for 0 < § < 1 we have 0 < §q(2a + 1) + 25(q + 1) — 26%(q + 1) we easily check ¢5 > 0.
Furthermore, the definitions ensure ¢ — 0 and 75 — 1 whenever § — 0. The rest of the proof
follows that of the first case.

Finally, let us treat the case « = co. We define ay by log A = a\dlog 2(7@‘ Since o > 2v/d we have
ay > 0 for all 0 < A < 1. Furthermore, applying Theorem 2.7 for a;y we find a(\) < 2Cy\ for all
0 < A <1 and a constant Cy > 0 depending only on the dimension d. Adapted versions of Lemma
7.2 and Theorem 7.3 then yield the assertion. |
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